INTRODUCTION
In the following we study aperiodic wave processes, generated by periodic forces, in infinite tubes. Consider the n-dimensional cylinder Q = Sz' x ( -co, co), where Q' is a bounded (n -1 )-dimensional domain with smooth boundary XT. Sections 24 of this paper are devoted to the initial and boundary value problem (af-A)u=fe-i'~~ ' in Q x (0, a), (1.1) u=o on an, (1.2) 44 0) = u,(x), a,t+, 0) = U,(X) for xE52, (1.3) with prescribed data f, u0 and u1 belonging to C;(Q). We are mainly interested in the asymptotic behavior of the solution u(x, t) as t -+ co. Our results are of the following type: If w2 does not coincide with one of the eigenvalues A,, A*,... of the Dirichlet problem (a:+ ... +a:p,)v+w=o in Q', v=o on a521 (1.4) for the cross section Q', then there exists a solution U of the boundary value problem AU+w=U= -f in 52, u=o on asz (1.5) such that u(x, t)=U(x)e-'"'+0(l) as t-+cc (1.6) uniformly in every bounded subset of 0 ("principle of limiting amplitude"). 173
The analysis of this paper is based on the spectral theory for unbounded operators. In Section 2 we extend the differential operator -A in Q = R' x (-co, co) to a self-adjoint operator A in the Hilbert space L,(Q), taking into account Dirichlet's boundary condition (1.2) and calculate the resolvent R,= (A -z)-' and the spectral family P, of A. The solution of the initial and boundary value problem ( 1.1 )-( 1.3) is obtained by applying the functional calculus for unbounded self-adjoint operators. The resulting spectral integrals are estimated as t + co in Sections 3 and 4. The leading term of the asymptotic expansion (1.7) is derived in Section 3, while the periodic term U(x) e ""', appearing in (1.6) and (1.7) is specified in Section 4. The spectral-theoretical discussion relates the resonance frequencies to algebraic singularities of the analytical continuation of the resolvent and of the derivative (d/d,l) P, f of the spectral family at the eigenvalues A, of the boundary value problem (1.4) . It is well known that the spectrum of A is continuous and consists of the interval [In,, x ) (compare [ 31) .
In Section 5 the boundary condition (1.2) is replaced by the Neumann condition (J/&z)u = 0 on dQ. In this case the analytical continuation of the resolvent has an algebraic singularity at ;1= 0, which leads to an additional static term in the asymptotic expansions ( 1.6) and (1.7). In particular, the estimate (1.6) has to be replaced by U(X, t) = Uix) epi'"'+ j&q jQ(&f++9+4~) as ~--+Gc (1.81 (Ilfi'il = area of Q'); (1.8) holds for all frequencies o for which w2 is not an eigenvalue of the Neumann problem for the cross section Q'. It follows from (1.8) for f=O that the solution of the initial and boundary value problem (+A)u=O in Q x (0, co), (a/an)u = 0 on LX?, 4x3 0) = u,(x), d,u(x, 0) = u,(x) (1.9) converges to 0 as t + CC if and only if I u1 dy=O.
(1.10) R
In particular, the local decay property, which is one of the essential features of the wave propagation in exterior domains (compare [4, 6] ), fails to hold for the solutions of the wave equation in Q = 9' x ( -00, co), subject to the Neumann boundary condition. In this connection it may be of interest to mention that local decay holds for the domain [w2 x (0, l), considered in [ 161, even in the Neumann case.
In Section 6 we discuss several initial and boundary value problems for the semi-infinite cylinder 52 = 52' x (0, co), which can be reduced to the Dirichlet and the Neumann problem in Q' x ( -co, co) by reflection methods. It turns out that the occurrence of resonances depends critically on the type of boundary condition, prescribed at the bottom B = {(x', 0): x' E 52') of Q. If Neumann's condition (a/&)~ = 0 is required at B, then resonances of the type (1.7) occur at the eigenvalues of the corresponding boundary value problem for the cross section Q'. In the case of Dirichlet's condition and Robin's condition (a,/& + a)u =0 at B with constant a > 0, the principle of limiting amplitude holds for every frequency w. This different asymptotic behavior of the solutions in semi-infinite cylinders seems to be connected with the fact that the "standing waves" with frequency o = & are compatible with Neumann's condition at the bottom, but not with the other boundary conditions.
The methods developed in the following can be applied to the discussion of resonance phenomena for electromagnetic waves in cylindrical waveguides, as we shall carry out in [ 1 S] 2. RESOLVENT AND SPECTRAL FAMILY Now we turn to the discussion of the initial and boundary value problem (1.1 )-( 1.3). In order to apply the functional calculus, we have to extend the Laplacian -A to a self-adjoint operator with respect to the Dirichlet boundary condition (1.2). The desired extension is provided by
where the differential operator A = a: + . . . + 8: is interpreted in the sense of distribution theory and B,(Q) denotes the closure of C,"(Q) in the first Sobolev space H,(Q) (compare, for example, [12] ). Let (Pj.} be the (left continuous) spectral family of A. Note that P, = 0 for Ad 0, since A is positive. Consider the solution $(A, t) of the initial value problem (d~+A)lC/(A, t)=e-lw' for t>O, (2.2) $(I*, 0) = a,l+q1*, 0) = 0; 
is an L,(Q)-valued solution of the initial value problem U"(t)+AU(t)=,fk-"g" for 130, (2.5)
It follows from the elliptic regularity theory that the family of distributions U(t) defines a classical solution U(X, t) of problem (1.1 )-( 1.3) by Ut)cp = J, 4~ t) cpb) d-x for every cp E C,X (Q), (2.6) provided that the data uO, u,, J and JQ are suffkiently smooth. In particular, we have UEC~(QX[O, co)) if uO,u,,f~Cr(Q), XJEC", dku, = dku, = d:f= 0 on 852 for every non-negative integer k and the supports of uO, u,, and ,f are bounded (compare the discussion in [ 143, regarding the vector Laplacian in three dimensions with respect to electric and magnetic boundary conditions). The usual uniqueness argument (see, for example, [ 10, Sect. 1791) shows that the solution of problem (l.l)-( 1.3) is uniquely determined.
The discussion of the asymptotic behavior of u(x, t) as t + cc will be based on the representation (2.4). The computation of the spectral family {I',.}, appearing in (2.4), can be reduced to the investigation of the resolvent Rz = (A -z)) ' of A, by using Stone's formula
for f, g E J&(Q)). In the following we assume that uo, u,, and ,f have the properties stated after formula (2.6). In particular, there exists an a >O such that u()=u* =f=O for Ix,,1 > a. (2.8) In order to compute R, f for z E @ -[0, ccj ), we try to find a solution U, of the boundary value problem -AU;-zU,=f in Q, u;=o on c?LJ by setting U,(x)= i 2 CJX,,, z) Vi&(X'), (2.9) (2.10)
where V,k (k = l,..., mi) denotes as in (1.7) an orthonormal basis of the eigenspace E, for the eigenvalue i, of (1.4). We assume that the eigenvalues are ordered increasingly: 0 < I, < A, < . . . . Note that Vik E C' (Q') by the elliptic regularity theory, since 852 E C". Since (8: + ... + 8: , )V,, = -Ai Vik, we obtain, by differentiating (2.10) formally term by term,
.
,=I &=I
On the other hand, the expansion theorem for the interior boundary value problem ( 1.4) implies
This suggests to determine the coefficients in (2.10) such that (-a;:-z+@,&=,fl&.
By (2.8) the only bounded solution of this differential equation in (-co, co) is given by i u 12) where rcj(z) is defined by
Now we use formulas (2.10))(2.13) to define UT. In convergence properties of the series (2.10) we set order to investigate the U!(x) := 1 (.,Jx,,, z) V,,(x'),
At first we show that, for any given x > 0 and any multi-index p = (p, ,..., p,,), there exists a y > 0 such that
for every ,j = 1, 2,... and every x E a. It follows from well-known asymptotic estimates for the eigenvalues of elliptic boundary value problems in bounded domains that we can find a 7, > 0 such that i., 3 ;,,,j' "I " for every ,j. Let .F be the smallest integer with 2s 3 ~(n -1). Then we obtain 112; < yz/j" (2. In fact, since A"f'= 0 on aQ for k = 0, l,... by the assumptions on,f; (2.17) follows from the identity by induction with respect to k. Consider two non-negative integers I and q. Since A'Vlk = -i., V,k, we conclude from (2.11) (2.14) (2.17) and Green's formula that
This, together with (2.16), implies that
IlA"W% x,,,l'$ llA"+'a;f(., x,,)I/'.
Here and in the following we denote the norms of L,(Q') and H,(Q') by 11 I/' and /I II;, respectively. Note that the norm on the right-hand side is a bounded function of x,,, since ,f= 0 for lx,,/ > a. and is a solution of the boundary value problem (2.9). Furthermore, by applying (2.23) with SI > 1, we conclude that, for every given p with P,, < 1, there exists a y6 > 0 such that In particular, (2.38) shows that the differentiability of (PAf)(x) with respect to I is disturbed at the eigenvalues 1, of Q'. Formula (2.38) will serve as the basis of our discussion of the asymptotic behavior of u(x, t) as t + cc in the next two sections. We conclude this section with a short proof that o(A) = [A,, co). Assume that o(A) is a proper subset of [A,, co). Then there exists an integer m and an interval [a, j] with &,,<a<@<&,,+, such that P, is constant in [cr, B]. Set .f(x) := Vm,(x') cp(x,) with cp E C;( --a, a) and cp # 0. By (2.11) and (2.14) we have f' = 0 for j # m and f" =A so that (2.38) reduces to
The right-hand side depends analytically on L in the half-plane Re A> i,,,.
On the other hand, (2.38) implies
= 0 for 2 < 2,. Since (P,.f)(x) is continuous and P, = 0 for 1< A,, we obtain P, f = 0 for all real 1, in contradiction to I/P, f -fl[ -+ 0 as ). -+ co.
THE RESONANCE TERM
Now we investigate the asymptotic behavior of the solution u(x, t) of the initial and boundary value problem (1.1 ))( 1.3) under the assumptions on the data stated after (2.6). At first we consider the special case u0 = U, = 0. Since P, = 0 for 2 < 2,) (2.4) reduces to
where $ is given by (2.3). We show that only those subintervals of [A,, co), which contain the point L =o*, can contribute to resonances of u. More precisely, we prove: Since AcQ,+, and 2m + 2 > n/2, it follows from (3.9) by Sobolev's inequality that u(., t) depends continuously on .Y and that there exists a y > 0 such that I44 t)l dY II(P,r-P,)YfIl uniformly in every bounded subset of a. If E., -6,~ 3, < LP, then the summation index of the first sum runs only from 1 to p -1 so that the last integral has to be cancelled. By inserting the estimate (3.14) into (3.12) and observing that $(A, t) = 0( 11" -ApI -') as A-+ A,, = w2 uniformly with respect to t, we obtain u(x, t) =& Z,(t uniformly in every bounded subset of 6. In particular, u(x, t) has a resonance of order fi at the frequency o = &, if f is chosen in such a way that at least one of the mp integrals in (3.21) does not vanish. Now assume that o2 does not coincide with an eigenvalue of (1.4). We choose p and 6>0 such that E,,P,<02-6, and ~~+6~<3.,,, where 6, and 6, are given by (3.13). By (2.38) we have for w2 -6, <A < o2 + 6, $ lpi f)(x) =I& '2' j" fj(X', 5) cos(&q Ix,- In particular, it follows from Lemma 3.2 that the estimates (3.21) and (3.22) hold also for non-zero initial data u0 and u, .
THE PERIODIC TERM
In this section we refine the estimate (3.21) and derive the second term (of order O(1)) of the asymptotic expansion of u(x, t) as t -+ co. At first we consider the case u0 = U, = 0, so that U(X, t) is given by (3.1). We assume that w2 is an eigenvalue of 52' : w2 = I,.
As a first step of our analysis, we improve the estimates of the integrals Z,(t) and Z2(t), introduced in (3.16). In the following w:(t), w:(t),... denote functions with the property supr Iw$(t)l -0 as 6 10. where 6, and 6, are given by (3.13). The argument, leading to (3.15), shows that Consider a given E > 0 and a given bounded subset M of Q. It is useful for the following parts of our analysis to choose 6 > 0 such that (i) AP-, <2,--h, and &+~2<~,+,,
w2+b It-(x, A)1 j<.,,-6, m dA < E for every x E M, I w2 + 6, (iii) IW, t) 4x, n)l d2 < 6 al-6, for every x' E Q' and every t > 0.
These properties are satisfied for sufficiently small 6 > 0 by (2.3) (3.14) (4.1), and the remark that ln( 1 + 6/2w) -ln( 1 -6/2w) = O(6) and as 6 JO. After having fixed 6, we choose t, > 0 such that for every x' E Q and every t > t, .
It follows from (4.3), (4.5) (4.7) (iii), (iv), and (4.10) that with Ir,(x, t)l < 3E for every x E A4 and every t 3 t, . 24(x, t) = U&(X, t) + e-""' In order to find the asymptotics of u as t + co, we shall investigate the limit of the right-hand side of (4.25) as ~10. Since K~(o* + ir) = tcp(lp + it) = J;enU4 by (2.13), it follows from (2.21) and the convergence considerations in Section 2 (compare, in particular, the argument leading to (2.32)) that and hence u,.,*+i,(x)=~j" with Ir,(x, t)l < 3s for every x E A4 and every t 3 t,. Set 1 I
for every x E M and every t > 0. The corresponding integrals over C, converge to 0 as t -+ co uniformly in M, as an integration by parts shows (compare the remarks after formula (4.18)). This shows that the first two terms in (2.4) converge to 0 as t + co uniformly in every bounded subset M of Q. Thus we obtain: where W is defined by (4.47).
The precise form of the (complex) amplitude U of the periodic term follows immediately from (4.28), (4.46), (2.21), and (2.26). Note that U is a solution of the boundary value problem (1.5) in both cases (a) and (b). The first terms of the series (4.47), which correspond to eigenvalues %, < w2, describe "outgoing waves" of the form Ai e ,,c7qY,l for x, > a and x,, < -a.
The remaining terms in (4.47), which belong to eigenvalues 3,,>02, decay exponentially as Ix,,/ + co. This asymptotic behavior of the terms of the series (4.47) can be used for a unique characterization of the solution of the boundary value problem (1.5) if w2 is not an eigenvalue of (1.4) (compare [ 11 I). If o2 = 2, and fp # 0, then the term V(x)= -i'" I x, -51 .PYx', 5) & (1 (4.50) has to be added to the series (4.47). V is a solution of the boundary value problem (1.5) which does not satisfy the radiation condition proposed in [ 111. V is bounded as 1x1 -+ co if and only if s ~JPW 5) 4 =o for x'EQ' (4.51) or, equivalently, the resonance term in (4.48) vanishes. In this case we have even V=o(l) as 1x1 -+ co.
The conditions imposed on the data guarantee that the solution u of (1.1))(1.3) belongs to C"(Dx [0, co)). As the argument in Sections 2 and 3 indicates, it is possible to relax the assumptions on the data in several ways if only finite or weak differentiability properties of the solutions are required.
THE NEUMANN PROBLEM
Now we replace Dirichlet's boundary condition ( 1.2) by Neumann's condition au z=o on fW. We conclude this section with some remarks on the case that the righthand side of (1.1) does not depend on t (w = 0). In this case the solution of the initial and boundary value problem (1.1 ), ( 1.3) 1 l), (2.14) . We leave the verification of (5.26))(5.28) to the reader.
SEMI-INFINITE CYLINDERS
As the analysis in the preceding sections shows, resonances occur at those frequencies o for which "standing waves" u(x, t) = V(L) e ""' (6.1) exist, which do not depend on the vertical variable x, and satisfy the homogeneous wave equation (c+4)v=O (6.2) and the prescribed boundary condition u = 0 or (@)v =0 on as2. The close connection between resonances and standing waves is also illustrated by the following initial and boundary value problem for the semi-inifinite cylinder Q = Q' x (0, co), which can be reduced to the Dirichlet and the Neumann problem in Q' x ( -00, co ) by reflection methods.
We start our discussion with the Dirichlet problem (1.1 )-( 1.3) for 52 := Q' x (0, cc ). For the sake of simplicity, we assume that &2' E C" and uO, U, , f~ C;(Q). We extend the data uO, ul, f to odd functions of x, in the full cylinder Q, := Q' x ( -03, co):
Let u(x, t) be the solution of the Dirichlet problem (l.l)-(1.3) for 52,. By (6.3), also u'(x, t) := -u(x', -x,, t) (6.4)
is a solution of (l.l)-(1.3) in Sz,. Since the solution of (1.1))(1.3) in Q, in uniquely determined, we conclude that 4x', -x,7 t) = -u(x', x,, t). (6.5) Setting x, = 0 in (6.5) we obtain u(x', 0, t) = 0.
Thus the restriction of u(., t) to Q = Q' x (0, CC) is the (uniquely determined) solution of the Dirichlet problem (I.])-( 1.3) for the semi-infinite cylinder Q. In particular, formulas (1.6) and (1.7) can be applied for the discussion of the asymptotic behavior of u(x, t) as t + co. Note that the integrals in (1.7) vanish since f is an odd function of x,, by (6.3). Hence, in the case of the Dirichlet problem for the semi-infinite cylinder R, the principle of limiting amplitude (1.6) holds for every frequency o > 0.
The situation is different in the case of the Neumann problem for Q. Now we extend the data uO, U, , ,f to even functions of x,,: Uj(X', -x,) := q(x', x,,),
.NX'> -x,,) :=,f(x', x,,). (6.9) (6.10)
The same argument as above shows that the principle of limiting amplitude (1.6) holds for all frequencies o in the case of the initial and boundary value problem (l.l), (1.3), (6.9) . On the other hand, the initial and boundary value problem (l.l), (1.3), (6.10) admits resonances if o2 is an eigenvalue problem of the Dirichlet problem (1.4) for the cross section Q'. In particular, a change of the boundary condition at the bounded part B of LX2 influences the asymptotic behavior of the solution as t -+ 00 in an essential way. The asymptotic properties of u(x, t) as t -+ cc are reflected by the singularities of the (analytical continuation of the) resolvent Uz = RZf at z = A, or z = pk, respectively. Assume that the Dirichlet condition u = 0 is prescribed on 8L.J -B. Then Uz is given by (2.10) where cjk(x,, z) is the exponentially decreasing solution of (-a;-z+lj)Cik=f;k (O<x,<cr,), (6.11) subject to the boundary condition required at x, = 0, and fjk is given by (2.11) . If the Dirichlet condition u = 0 is prescribed at the bottom x,, = 0, then we obtain in analogy to (2. 
